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Introduction. The problem of classifying the tempered spectrum of a connected 
reductive quasi-split group, defined over a local field, F, of characteristic zero, con- 
sists of three parts. The first is to classify the discrete series representations of 
any Levi subgroup. The second step is to understand the rank one Plancherel mea- 
sures, which is equivalent to understanding the reducibility of those representations 
parabolically induced from a discrete series of maximal Levi subgroups. The third 
step is to understand the structure of representations parabolically induced from 
discrete series representations of an arbitrary parabolic subgroup, using the second 
step and the combinatorial theory of the Knapp-Stein .R-group. We address this 
third step here for the case where the group in question is the quasi-split special 
unitary group. 

This work builds on earlier results on .R-groups due to several authors. For 
quasi-split unitary groups, U n (F), the -R-groups attached to the principal series 
were computed by Keys [Kl, K2] and the theory of restriction yielded -R-groups 
for SU n (F). Keys gave a description of the -R-groups in terms of the Langlands 
parameterization, which in that case is well understood [L]. Recent work of Ban 
and Zhang [B-Z] has shown that the construction of the .R-group through L 
group considerations, as described in [Al], will be valid for all quasi-split connected 
reductive groups, once the local parameterization conjecture is established. For 
U n (F) and an arbitrary parabolic subgroup, the -R-groups were computed in [G2] 
and these were shown to be elementary two groups. The computation of the R- 
group via the L-group was carried out by D. Prasad [P], and one can see that 
this computation agrees with [G2], if you assume that the Langlands L-functions 
are the same as the Artin L-functions attached to the parameter. This has been 
established in some cases by Henniart [H]. 

Following the methods of [K1,K2], and using the theory of [G-K,T], we work 
via restriction. As in [T] some of our results can be proved in a more general 
setting. Namely, we consider the case where G C G have the same derived group. 
We are able to give a rough description of the -R-group in this setting. In the case 
of special unitary groups we make this explicit due to a stronger understanding of 
the restriction of irreducible smooth representations from Levi subgroups M of G, 
to the subgroup M = M n G. These results on restriction are given in the latter 
part of Section 2. 
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To be more precise we consider a p-adic field F of characteristic zero, and resid- 
ual characteristic qF, and fix a quadratic extension E/F. Let G be a quasi-split 
reductive group defined over F, with G(F) = G. We assume that G C G is a 
reductive subgroup with the property that [G, G] = [G, G] , where these represent 
the derived groups. Then, for any Levi subgroup M of G, we have MZ(M) is of 
finite index in M. Here M = M(F), with M = M n G, and Z(M) is the center 
of M = M(F). Thus, the theory of Section 2 of [T] applies. In particular, if a is 
a discrete series representation of M, then there is a discrete series of M with a a 
component of tt\m- Furthermore, any irreducible representation n' of M for which 
Hohim(o", 7r') 7^ is of the form n' ~ 7rx, for a character x of M trivial on M. 

The .R-group, R(a), is a subgroup of the stabilizer, W(a), of a in the Weyl group 
W, and by the considerations above, 

W(a) C {w\n w ~ 7tx, for some %}. 

The theory of the -R-group dictates that the complement of R(cr) in W(a) is the 
subgroup, W'(<j), generated by the reflections w a for which the rank one Plancherel 
measure /U a (a) = 0. We show that p, a {a) = if and only if // a (7r) = 0, and thus 
W'{a) = W'(ir) (cf. Lemma 2.3). Let 

W{a) = {x|7r w ~ tvx for some w G W(a)}. 

We show that, for any x £ there is some w x G R(o~) with 7r™ x ~ 7rx, and 

this element is unique up to multiplication by elements of R(n) fl W(a). Thus, in 

this general setting we always have R(u)/ (R(n) f]W(a)) ~ W(a)/X(n), where 
X(n) = {xWx — n } (°f Proposition 3.2). 

We then specialize to the case where G = U n and G = SU n . There we show 
R(tt) < R(a). Furthermore, we can split the sequence 1 — > R(n) — > -R(cr) — > 

W(cr)/X(7r) — > 1. Thus, there is a subgroup r CT of -R(cr) which is isomorphic to 

W\a)/X{n) for which R(a) = T a k ^(tt). 

The structure of Indp(cr) is determined by the representation theory of a certain 
extension of R(a). More precisely, for w G R(cr), we choose an intertwining operator 
satisfying T w a w = oT w . Then there is a 2-cocycle 7 : R(u) x -R(cr) — > C defined by 
T WlW2 = 7(^1, W2)T Wl T W2 . The intertwining C(cr) of Indp(cr) is then isomorphic to 
the twisted group algebra C[R(a] 1 . For simplicity of this exposition, we assume that 
the cocycle splits (which is the case whenever a is generic [K2], and is always the 
case for for the classical groups for which .R-groups have been computed [Hr,G2, 
G4]). We note a correction to the description of the elliptic tempered spectrum of 
U(n) in [G2] (cf remark 3.10). Then there is a correspondence p 1— > 7r(p) between 
irreducible representations of R(cr) and classes of irreducible components of iG,Ni{&) 
[A2, K2]. The multiplicity of 7r(p) in zg,m(c) is equal to dim p. Further, the 
behavior of the character Q p of p determines which components of «g,m(c) are 
elliptic [A2]. More precisely, if R(a) reg is the set of elements of R(cr) for which the 
fixed points a w of w in a, the real lie algebra of A, is as small as possible, namely 
ac then ir p is elliptic if and only if 6 p is non- vanishing on the regular set R(a) reg . 
In our situation, we examine the elliptic spectrum in the case where it is generic. 
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recall that the Weyl group is the semidirect product of a permutation group with 
an elementary two group (consisting of "sign changes"). We show that zg,m(c) 
has an elliptic component, if and only if there is an element w = sc of R(cr) whose 
permutation component s is of maximal possible length, and if c changes an odd 
number of signs. Finally we give an example of a phenomenon which we had not 
noted before. Namely, a case where Ig,m{&) has some elliptic components, but not 
all of the components are elliptic. In fact, induced representations which have this 
property were exhibited in [K2], but, as this predated Arthur's description of the 
elliptic spectrum, [A2], it was not noted there. We give a specific new example, 
and indicate how this can be generalized. 

I wish to thank J. Arthur, D. Ban, G. Henniart, R. Kottwitz, F. Shahidi, and M. 
Tadic for helpful conversations and communications regarding this work. Finally, 
this work grew out of conversations with Alan Roche regarding the connection 
between Arthur's -R-group construction and the Knapp-Stein .R-group. I wish to 
especially thank Alan for his insights, comments, and collegial support. 



§1 Notation and preliminaries. 

Let F be a nonarchimedean local field of characteristic zero, and residual char- 
acteristic qp- Fix a quadratic extension E/F. Let 7 be the non-trivial Galois 
automorphism of E/F, which we also denote by x 1— > x. Fix an element f3 E E with 



7 (/3) = -13. For n e Z+, let u n 



-1 



\-l 



, and fix a hermitian 



form h n e M n {E), by 



K = 



(3u r 



if n is odd, 
if n is even. 



For g = (g i:j ) e Res E/F GL n , we let g = (g^) and set e(g) = u n l g 1 u n 1 . Denote 

by G = G(n) = U n , the quasi-split unitary group defined with respect to E/F and 
h n . Thus 

G = {g e Res E/F GL n \gh n t g = h n }, 



We let G = G(n) = SU n = G n Res e/f SL n . If H C G, then we let H = HflG. 
We denote the F-points by G = G(F) and G = G(F), and similarly for other 
groups. Let T be the maximal torus in G of diagonal elements, and let Ao be the 
maximal split subtorus of T. Denote by <E>(G,A ) the roots of A in G. We fix 
B = TU to be the Borel subgroup of upper triangular elements of G. Let A be 
the simple roots with respect to this fixed choice of Borel subgroup. If 9 C A, then 
we denote by Pg = M^Ng the associated standard parabolic subgroup. Since we 
will be working with a fixed 9, we drop the subscript and simply write P = MN. 
Let Am be the split component of M. We write Hp (respectively, Hp) for the 
homomorphism from M (respectively M) to (respectively Om) given in [HC], 
where and Om are the real lie algebras of and Am, respectively. 
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Note that, for some choice of partition {ni, n,2, ■ ■ ■ , n r , m} of 



n 
2J 



A M = {diag{x 1 I ni ,x 2 I n2 , ■ ■ ■ ,x r I 7lr ,I m ,x r 1 I nr , . . . ,x 1 1 I ni }\x i G Res E / F GLi} , 
and 

M = {diag{#i,# 2 ,.. .,g r ,h,e(g r ),. ..,e(gi)} \gi G Res E/F GL Ux , h e U(m)} ~ 
Res£;/ F GL ni x Res£;/ F GL n2 x • • • x Res^/F GL Ur x 



Let $(G, A) be the reduced roots of A in G. The Weyl group, W(M) = 
iV~(A)/M ~ 5 xi Z2, where 5 C S r is generated by the transpositions (ij) for 

which nj = rij. The realization of Sjj G W(M) with 1— > (ij) under the above 
isomorphism is given by 

Sij(gi, ■■■gi,---,gj,- • h) = 
(91, ■ --dj, ■■■gi,---g r , h). 

The subgroup Z ~ U 2 of W(M) is generated by "block sign changes" Cj given by 

Q(gi,g2, ...gi,...g r ,h) = (gi,g 2 , ■ ■ .e(gi), ■■■gr, h). 

We use w to represent both a class in W(M) and a representative of that class in 
N G (M). This should cause no confusion here. If M = MnG, and A = AflG, then 
$(G, A) = $(G, A), and W(M) = W(M), and we identify the action of W(M) as 
the restriction of the action of W(M) to M. 

If tv is an irreducible admissible representation of M, then it ~ tt\ ® . . . <8> 7r r <g> r, 
where each 7Tj is an irreducible admissible representation of GL n .(E) and r is one 
of G(m). Then W = W(M) acts on tt by 7r u '(m) = ^(w^mw). 

We use Harish-Chandra's notation of S C (G) to denote the (equivalence classes 
of) irreducible admissible representations of G, and £t(G), 82(G), represent the 
tempered, and square integrable classes, respectively. Similar notation is used for 
M, M, and G. We use the notation Ig,m(®) for the representation of G unitarily in- 
duced from the representation a of M, of course extended trivially to the unipotent 
radical of a parabolic P with Levi component M. 

Note that the center Z(G) of G is isomorphic to E 1 = {x G E\xx = 1}. Since 
G = [G, G] , the theory of Section 2 of [T] applies to restriction from G to G. 
Similarly we can apply these results to restriction from M to M, which is the 
subject of the next section. 

We use X(G) and X(M) to denote the characters of G and M, respectively. 
If X G X(G), then x(g) = x'(detg), for some character x' °f E 1 . We will abuse 
notation and use x to represent both the character of G, and the character of E 1 
through which it factors. If tt G £ 2 (M), and x £ X(M) then we denote by ttx the 
representation g 1— > n(g)x(g)- Then we let -X"(7r) = {% G X(M) \nx — tt}- 
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In order to describe the generic elliptic spectrum we need to make some obser- 
vations about the Lie algebra q of G. We have 

~ {x esl n (C)\xj + J l x = o}. 

If cim is the Lie algebra of Am, then a straightforward calculation shows 

a M = {diag(ai/ ni , a 2 / n2 , • • • ,a r I nr ,0 m , -a r I nr ,. . . , -aii ni ) | ^ra^a* - a t ) = 0}. 

i 

We will sometimes denote an element of Om by Ym(«i, • • • , o r ). For iu G W(G, Am), 
we let a w = {X G cim|w • -X = -X"}, where • X = ad(w)X. Note that ao = {0}. 

§2 Plancherel measures and restriction. 

In this section we establish some results on compatibility of Plancherel measures 
with restriction. Much of this follows immediately from earlier work to which we 
refer. Many of these results apply more generally to the situation where G C G 
and [G, G] — [G, G]. For the moment we work in that context, with M be a Levi 
subgroup of G (possibly G itself) and M = M nG. 

Lemma 2.1. Let tv G £ 2 (M). 

fc 

(a) There is an integer mo so that tt\m = rno^^ai, with ai irreducible and 

i=i 

inequivalent. [G-K]. 

(b) If HoniM (tt , 7r') 7^ 0, £/ien t/iere is a character x of E 1 , so that tv' ~ 7rx. 
[T, Corollary 2.5]. 

(c) Every a G £ 2 (M) is a component of tv\m for some tv G E^iM} [T, Prop. 
2.2]. □ 

Corollary 2.2. Suppose a G Ez(M) and tv G 52 (M) wit/i 7t|m containing a. Sup- 
pose that, for some w G W(M), a™ ~ a. Then, there is a x £ -X"(M) so £/jat 

For a reduced root a G <fr(P,A), we write /U a (7r) for the rank one Plancherel 
measure attached to a (see [H-C]). We know that // Q (7r) = if and only if the 
standard intertwining operator v \— > A(z/, 7r, iy Q ) has a pole at v = 0. Here z/ G 
the complexified dual of the Lie algebra of A, and w a is the reflection associated 
to a. Similarly, for a G £ 2 (M) we have the Plancherel measure // Q (cr). This is 
given by the pole of the standard intertwining operator uq \— > A(i/q, a, /i a ), where 
i^o £ I*, the complexified dual of the Lie algebra of A. Note that, since N = N, 
the intertwining operators are given by the same formula. That is, for v and v$ in 
the region of convergence, 

(2.1) A(v,7r,w a )f(g) = / f{w~ l rig)dn, and 

J*N a 

(2.2) A(u ,a,w a )f(g) = f(w~ 1 ng)dn, 

J*N a 
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Where / is in the space of i~ ~(n <g> q F ^' Hp ), f is in the space of zm q ,m(o" <S> 
q <u ,H P Q>^ ~ e ^ and g e Ma ( see [ H _q for definitions of M a , *N a ). The 
operators are then defined for all v by meromorphic continuation. 

Lemma 2.3. Suppose [G, G] = [G, G] and ZG\G is finite abelian. Let M be a 
Levi subgroup of G and set M = M n G. Let tt G E^iM) and suppose a G E^iM) is 
a component of tt\m- Then, for any a G $(PA) = $(P, A), we have jU a (7r) = if 
and only if ^ a (a) = 0. 

Proof. We note that one can adapt the proof of a similar result in [Sh3], but we 

k 

choose a slightly different approach. Let tt\m = m ® fi, and assume a = a\. If 

%=i 

IT = %q m(tt), then II|g — «g,m(tt|m) = m ® iG,M(o~i)- Let w = w a . Then the 
intertwining operators for G satisfy 

(2.3) A(wv, wtt, w'^Aiy, tt, w) = fi a (v, tt)' 1 • -f a (G/P) 2 , 
where 

la(G/P)= [ q F 2<p - Hp - {n)> dn, 

is the constant given in [H-C]. The meromorphic function /U Q (z/, tt) is the Plancherel 
density and fi a (0,7r) = /U a (7r). Restricting the relation (2.3) to G, (and restricting 
to the Ig,m{.o~ ® Qf > )-isotypic subspace) gives 

(2.4) A(wu\ ai wa, w~ l )A(v\ a , a, w) = // a (i/| , tt)" 1 • >y a (G/P) 2 . 
On the other hand, we have 

(2.5) A(wu\ a , wa, w~ l )A(v\ a: a, w) = fi a (u\ a , a)" 1 • 7 a (G/P) 2 , 
and the result follows by letting v go to zero. □ 

Let A'(tt) = {a G $(P, A)|// a (7r) = 0}. Lemma 2.3 shows A'(7r) = A'(o-), 
where A'(cr) is similarly defined. We let W'(7r) =< Wq,|q; G A'(7r) > . Then 
W'(n) = W'(a), and since /J, a (a) = implies ex™" ~ a, W'(tt) C VF(cr) = {to G 
W(M)|a w ~ a}. 

We now give several partial converses to Corollary 2.2 in the case where G = U n 
and G = SU n . Some of these will be crucial in describing the .R-group explicitly 
in Section 3, while others we include to show the extent to which we can establish 
the converse at this time. We have yet to determine whether the converse holds in 
general. 

Lemma 2.4. Suppose M is maximal, tt G E c (M) is generic, and tt w ~ tt. Then, 
for each component a of tt\m we have a w ~ a. 

Proof. Let = »]b/f be the quadratic character of F x attached to the extension 
E/F by local class field theory. Fix any character x-q of E x so that Xv\f x = V- 
First suppose m = 0, which implies n = 2k is even. Note that 



M = 




detg dete(g) = 1 
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Since dete(g) = det o _1 , we have M ~ {g E GL k (E)\ det o E F x }. Thus, Xv\m = V- 
Since M ~ GLk(E) and 71-™ ~ 7r e , we have tv s ~ 7r. By [G3] exactly one of L(s, tt, A) 
or L(s, irxri, A) has a pole at s = 0, where A is the Asai representation of GLk(C). 
Thus, either p(n) = or p(ttx v ) = 0, where p is the Plancherel measure [Sh2]. 
Let a be an irreducible component of tt\M. Then, by Lemma 2.3 either p(a) = 
or ii{crrj) = 0. The first of these requires a e ~ a. The second of these requires 
(077) e ~ an. But since rf = rj, we will again have a £ ~ a in this case. 

Now suppose that m > and 7r = 7Ti ®r. Then tt w ~ 7r implies 7rf ~ 7Ti. Consider 
7r and Then p(7r) = if and only if L(s, tti, A)L(2s, 7Ti x r) has a pole at s = 
(see [Sh2,GS]). Similarly p(nXri) = if and only if L(s, ttix,,, A)L(2s, 7Tip x r?7) 
has a pole. As in the case m = 0, precisely one of L(s, 7Ti, A) or L(s, ttiXvi A) has 
a pole at s = 0, and thus, at least one of p(w) and pijiXri) is zero. But, as a is a 
component of both 7r and ^y^, we must have p(o~) = 0, which therefore requires 
a w ~ a. □ 

Lemma 2.5. Suppose m = 1. Then, for any tt E S c {M) the representation a = tv\m 
is irreducible. Hence when tt w ~ 7rx, u>e /iawe a™ ~ a. 



Proof. Since m = 1, we have 

M ~ C7L ni (E) x GL n2 (£■) x • • • x GL Ur (E)xE 1 . 
Note that if (gi, g 2 , . . . , g r ,h) E M, then 



fc = y^detG^))- 1 
Thus, 

M~GL ni (E) x ••• x GL nr (£). 

Now it is clear that if tt ~ tt\ ® • • • ® n r (g) £ G £ C (M), then 7t|m — (7Ti <g) • • • <8> 7i>) ££ e 
is irreducible. □ 



Lemma 2.6. Suppose m = 0, or tt ~ 7ri <g> 7r 2 <E> • • • <8> Tc r <8> r, witt T|si/( m ) of 
multiplicity 1. 

(a) If s E S satisfies tt s ~ 7rx /or some x £ -^(-^0> °~ s — °~ f or an U 
irreducible component a of tt\m- 

(b) Suppose w = sc, where s = S1S2 ■ ■ ■ Sk is the disjoint cycle decomposition, 
and c changes an even number of signs in each cycle Sj. If tt w ~ ttx, then 
a w ~ a, for each component a of tt\m- 



Proof, (a) The argument is essentially that of Lemma 2.3 of [Gl]. We give the 
proof in the case m = 0, and the proof when p\su(m) is multiplicity one is identical. 
Let _ _ 

M = [M, M] = [M, M] ~ SL ni {E) x SL n2 (E) x ••• x SL Ur {E). 

Since each TTi\sL n .(E) is multiplicity one [T], so is 7t|m - If P is a component of ct|m ? 
then p ~ pi ® p2 <S> ■ ■ ■ <8> Pr, for some choice of components p^ of |5_l„. (e) ■ Suppose 
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s = S1S2 . . . Sk is the disjoint cycle decomposition of s and, without loss of generality, 
assume that si = (12 . . . jx) s 2 = (ji + 1 • • • 32), ■ ■ ■ , and s k = (jk-i + 1, . . .jk)- Let 
3 = 3\. Since tt s ~ 7rx, we then have 7r i+ i ~ 7TjX ~ ttiX 2 , for i = 1,2, ...j — 1, and 
7Ti ~ 7TjX, i.e., 7Ti — 7Tix J . Thus, for each 1 < i < j, Pi is an irreducible component 
of 7Ti. By [G-K], for each 1 < z < j — 1, there is an ai G i? x , so that pi+i = pf , 

where 6(a) = ( a ) . Let cij = (aia 2 ■ ■ ■ a^-i) -1 . Then p 5 ^ = p\. Set 

V I n 1 -lJ 

Qi = diag{5(ai), 6(0,2), ■ ■ ■ > °~( a j)}- Then det #1 = 1, and (pi ® • • • <g> p./) 31 = P2 <8> 
■ • • <S> Pj <S> Pi = (pi <S> • • ■ <S> Pj) Sl ■ Similarly, for i = 2,3, ...k, we can find such a 
gi, with determinant 1. Setting g = diag{#i,# 2 , • • .g k ,e(gk), • • • ,e(gi)}, we have 
g £ M and p ~ p 9 ~ p s . Therefore, p s is a component of both ct|m and ot s |m 7 and 
thus by multiplicity one, cr s ~ a. 

(b) Now suppose «; = sc, with c ^ 1. We again assume s = S1S2 ■ ■ ■ s/c- Suppose 
si = (1 2 ... j), and for some (i with < d < j — 1, that c = Cd+iCd+2 ■ ■ ■ Cjd ', 
where d acts trivially on {1,2, ... ,3}. Then, n w ~ -k\ implies 7r? + \ ~ nix for 
z = 1, 2, . . . , 3 — 1, and 7rf J ~ 7TjX. Here Oj G {0, 1}. Let p = pi <E> • • • p r <E> r, be a 
component of 7t|m , where, again, Mq = [M,M]. Then, for % = l,...,j, we have 
(pi_i_i) e 1 = pf , for some a^. Since 3 — d is even, we let 

6 = £ (5 (aO" 1 ^as)" 1 . . . 5(a d )- 1 ) (5(a d+1 )- 1 e(5(a d+2 ))- 1 (5(a d+3 ))- 1 . . . e^-i))" 1 . 

Then p b - ~ pf . Therefore, we set 

01 = diag{5(ai), . . . , 5( a j-i), 6}. 

Note that det(gi) det(e(<7i)) = 1, and thus, choosing g2, ■ ■ ■ , gu in a similar manner, 
we have 

9 = diag{#i, g 2 , ■ ■ ■ , gk, e(g k ), . . . , e M, 

with p 9 ~ p w . Therefore, we again see that p™ ~ p. □ 

Lemma 2.7. Suppose % = tt\ ® 7r 2 <E> • • • <8> 7r r <g> r, and £/ia£ T|sjy( m ) multiplicity 
one. If c <E Z satisfies tv c ~ 7r, t/ien a c ~ a, /or each component a o/tv\m- 

Proof. Let M = MjxM 2 x-- ■xM r xSU(m) C M, withMi = {0 G G^^E)! det g G 
F x }. Then, tt\m is multiplicity one. If c = Cj, then 7r c ~ (^) 7r| ® (^) ^ ® r. 

Let a be a component of tt\m, and suppose ao is a component of ct|m - Then 
o~o = pi <E> • • • <E> Pr <S> To, where p, is a component of 7Ti|Mi and ro is a component of 
T|st/(m)- Therefore, 

°o - ® ^ ® ® ^ r ° - a °' 

by Lemma 2.4. Thus, do is a component of both cr and a c upon restricition to Mo, 
and hence by multiplicity one a ~ cr c . □ 

Remark. If r is generic, then the representation 7r satisfies the hypotheses of Lem- 
mas 2.6 and 2.7. 
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Now assume m > 2. Recall that, for h G U m (F), we have det h E E 1 , and thus, 
by Hilbert's Theorem 90, det h = aa -1 , for some a G E x . For a G -E ,x we let 



a m (a) 



a 

-fm-2 



a" 1 



Then det(a m (a)) = det h. Note a m (a&) = a m (ba) = a m (a)a m (b). If g G GLk(E), 
we abuse notation and write a m (g) for a m (det((7)). 

Lemma 2.8. IfM = GL ni (E) x GL n2 (E) x ... x GL Ur (E) x t/ m (F), and m > 2, 
then, M ~ GL ni (£) x . . . x GL nr (£) x S£/ m (F) . 

Proo/. Let # = ( gi ,g 2 ,... ,g r ) G GL ni (E) x ... x GL Ur (E). Then the map 

(<7, /i ) !— > ttm(fi') 1 ^o , is a set bijection from GL ni x . . . x GL n (E) x 

\ <9)J 
SU m (F) to M. The action of GL ni (E) x . . . x GL Ur (E) on SU m (F) is by # o /i = 

a m (g)ham(g)~ 1 ■ It is now clear to see our map is an isomorphism. □ 

If x = (gi, . . . ,g r , h) = (g,h) G M, and iu G W, then we denote wxw" 1 by 
(g w ,h). Restricting to M, we see that, under the above isomorphism, W acts on 
(GL ni (E) x ■•• x GL nr {E)) x 5t/ m (F) by w ■ (g,h ) = (g w ^a^g^a^g^ho). 
(Note that a m (( 7 - 1 )a(^) G SU m (F).) 

Now suppose 7T ~ 7Ti ® 7r 2 <S> 7T 2 • • • <S> 7i> <8> t and that V = V\ <g) V2 <g) • • • <g) V r <g) V T 
is the space of it. We may write g = (g\, . . . , g r ) G GL ni (E) x • • • x GL Ur (E), and 
7i"o(fl0 = ®i^i{9i) acting on V^' = ®[ =1 V;. Let (r ,Vo) be a component of r|5 f/m ( F ). 
Then, with respect to the semidirect product dercomposition in Lemma 2.8, the 
map 

(2.6) (g, h ) i-> (v'q ®v ^ TTo{g)v' <g> T(a rn {g)~ 1 )T G (h G )v (s ) , 

is an irreducible component of tt\m- We now prove another partial converse to 
Corollary 2.2. Note that we do not assume multiplicity one upon restriction. This 
result is crucial to the .R-group computations of Section 3. 

Proposition 2.9. Suppose M ~ GL ni (E) x • • • x GL Ur (E) x U m (F) and m > 2. Let 
tv G £2(^0 o,nd suppose a is an irreducible component oJtt\m- Then W(n) C W(a). 

Proof. Let w G W(tt) and suppose that w = sc, with s 6 5 and c E Z. We note 
that if TT ~ 7Ti <g) • • • <g> 7r r <8) t, then 

where each £3 is either e or trivial. Since 71"" ~ tt, we have 7Tj ~ n l(i) ^ or eacn 



so fix an intertwining, T : V 8 ^ — > with Tx{Ti = Tj7r^. Then T = <8> idy, 
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satisfies ixT = Tti w . Now suppose that a is given by (2.6). Then 

r 

Ta w (g, h )(v' ® v ) = (g)^^^)^ ® r(a m (^)- 1 )r (a m (( 7 )- 1 a m (^)/io)^ 

i=i 

r 

= ^^i(9i)Ti(vi) ® T(a m (g)~ l )T (h )v = a(g,h )T(v' <g> u ). 

i=l 

Thus T is an equivalence between a w and cr. □ 
Remarks. 

(a) The proof of Proposition 2.9 will apply to to the case tv w ~ 7r% whenever the 
identity is an equivalence between r and r%. 

(b) There is a similar result when m = 0, using an identification M ~ (GL ni (E) x 
GL n2 {E) x • • • x GL nr _ 1 (E)) x SL nr (E). To the extent we need this result in 
Section 3, however, Lemma 2.7 will suffice. 

Corollary 2.10. For am/ 7r G £2{M), a^d irreducible component a of 'tt\m, we 
have W(ir) C 

Proof. This will follow immediately from Lemma 2.4, 2.6, 2.7, and Proposition 2.9, 
unless m = and to does not satisfy the hypotheses of either part of Lemma 2.6. 
This case we now resolve. All that is left is to consider the case where m = 
and w = sc, with c ^ 1 changing an odd number of signs in some cycle of s. So, 
suppose s = S1S2 ■ ■ ■ Sfc is the disjoint cycle decomposition for s, with si = (12 . . . j). 
Further suppose that for some 1 < d < j, we have c = CjCd+i . . .Cjc', with d acting 
trivially on {1, . . . ,j} and j — d + 1 odd. Then tt w ~ w implies 

7Tl ~ 7T 2 ~ ■ ■ • ~ TV d ~ 7T^ +1 ~ 7T d+2 ~ • • • ~ 7Tj ~ 7rf. 

Therefore, Hi ~ 7r| for 1 < z < j. Hence, C-,- G VF(7r). Taking wi = wCj, we see 
that Wi changes an even number of signs among {1, . . . , j}. Proceeding in the same 
manner on the cycles S2, . . . , Sfc, if necessary, we see we can write w = wqCq, with 
too satisfying the hypotheses of Lemma 2.6(b) and both wo and cq in W(tt). Since 
m = 0, Lemma 2.7 applies to cq. Thus, we know a w ° ~ a and a c ° ~ a, and hence 
a w ~ a. □ 

Section 3. i?— groups 

For the moment we work in the more general setting where G C G have the 
same derived group. Let R^a) = R(tt) H VF(o"). Note that if w G ^(cr), then, 
wA'(tt) = A'(7r), and thus by Lemma 2.3, iuA^ct) = A'(a), which, combined with 
the fact that w G VF(cr), shows that w G i?(a). Note that if w G R(cr) fl VF(7r), then, 
as wA'(a) = A'(a), we have w G R- K (a), so we certainly have R n (o~) = R(a)C\W(7r). 
In fact R-n{o~) is a normal subgroup of R(a). In this section we first describe the 
quotient R(a)/R n (a). Then, specializing to the case where G = U n , and G = SU n , 
we show that R(cr) is in fact a semidirect product of R(n) and a naturally occuring 
group of characters. 
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Definition 3.1. Let W(a) = {x\wn ~ nx for some w G W(a)}. 

Let x ^ W (a) / X (n) . Choose w G W(a) with tt w ~ 7rx- Then w; = ru/, with 
r G -R(cr) and u/ G W'(cr). By Lemma 2.3 it?' G W'(tt), and in particular, 7r w ~ n, 

we must have n r ~ 7rx- Hence, for any x G M^(cx) there is an element r G R(c) with 
7r r ~ 7r%. The following result is now obvious. 

Proposition 3.2. For any tt G 52 (M) and any irreducible component a o/tv\m we 
have R^{a) < R(a) and R(a)/R n (a) ~W\a)/X(n). □ 

We now specialize tot he case where G = U n (F) and G = SU n (F). For C £ Z 
there is a B C {1, 2, . . . r} with C = C B = Yl C i- B Y t G2 ] there is a subset B(n) 

so that i?(7r) = (d\i G B(tt)) . By Corollary 2.10, R(ir) C R(a). Also note that if 

ir Wl ~ 7T™ 2 ~ 7tx, then 7r™i ™ 2 ~ 7r, which implies a w i W2 ~ a. Hence if % G W(a), 
then cr w ~ a for all w E W with n w ~ 7rx- 

Lemma 3.3. Suppose x £ W^(cr) and further suppose there are elements w± = 
SiCi, ^2 = S2C2 G -R(cr) wnt/i 7T™ 1 ~ 7tx ~ 7r W2 . f/ere Sj G 5, and Cj G 2. T/ien 
si = s 2 . 

Proof. Note ty^ 1 G i?(<7)nW(7r) = R(n). Therefore, w^w^ e Since wiw^ 1 = 
(sis 2 ~ 1 )(s2Cis 2 ~ 1 ci) is the decomposition of wiw^ 1 in the semidirect product W = 
S k Z, we have si = s 2 . D 

For % G W(cr), denote by s x the unique element in S so that s x c G -R(c) for 
some c <E Z. We will give an explicit description of s x . First, we need a lemma. 

Lemma 3.4. Suppose n ~ 7Ti ® • • ■ <8> 7r r <g> r. Let iu = sc G W(G, A) wn£/i n w ~ 7rx, 
/or some x- Suppose, c(i) 7^ z. T/ien 7TjX ~ 7TiX e - 

Proof. First suppose that s(i) = i, so = — i. Then 7r w ~ 7rx implies 7rf ~ 7TjX- 
Applying w again we see Hi ~ tt^x 2 , while 7Tj ~ (^iXY — ^\X e — % iXX s ■ Thus, 
T^iX - KiX e - 

Now suppose that s(i) 7^ i. Assume s = sis 2 . . . S£, is the disjoint cycle decom- 
position of s, and si(i) 7^ i. Without loss of generality, suppose that si = (12 . . .j), 
and that, for some 1 < d < j, we have c = CdCd+i ■ ■ - Cjc', with c' trivial on 
{l,...,j}. If d > 2, then 7r™ ~ 7rx implies 7r 2 — 7i"iX- Then 7T™ ~ 7rx s ', implies 
7r| — ^jx 2 — 7i"iX- Thus 7r 2 — niX e ~ 7Tix, proving the claim in this case. If d = 1, 
then 7T W ~ 7tx implies 7r| — 7TiX, while applying nj 2 gives 7r 2 — 7rfx — ^\X e ^ proving 
the claim in this case as well. □ 

We now describe the permutation s x explicitly. For x £ W(o~), we let 0(x, tt) = 
{i\n l ~ TTiX, or 7rf ~ tt,x}. We then let Qi(x,7r) = {1, 2, . . . , r} \ x). For 
z G 0(x, 7r), let s(i) = z. If Oi(x, tt) = 0, we are done and s = 1. Otherwise, for each 
i G Oi(x, 7r), we let Oi(z',x,tt) = {j G 7i")kj - ^x}, and let ftf(i,x,7r) = 
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{j G fii(x,7r)|7rf ~ Tux}- Let i u = min(fii(x, 7r)). Define 



*12 



min(fii(ni,x,7r)) if fti(in, X, t) 
max(Of (zh, x, 7r)) otherwise. 



Suppose we have defined in, 112, ■ ■ ■ hj, if *ij = Hi, then we let si = (in, i\2, • • • , iij-i)- 
Otherwise, we let 



iij+i - 



min^i^ij, x, 7r)) if S"2i(*ij> X» ^ 7^ 0, 
max(Of (zij, x, 7r)) otherwise. 



*2j + l 



This, inductively, defines an element s± of S 

Now let 2 (x, = ^i(X) % ) \ Oil) • • • 7 iy-i}- If ^2(X) t 1 ") = 0) we are done, and 
s = si. Otherwise, repeat the above process by taking i 2 i = m i n (^2(x 5 tt)), and 
defining 

min(Oi(i 2i , x, 7r)) if Qi(z 2j , x, 7r) 7^ 0, 
max(Of (z 2 j, x, tt)) otherwise. 

and let j 2 be the smallest integer greater than 1 for which z 2j2 = z 2 i- Set s 2 = 
(*2i) • • • 7 *2j 2 -i)- Proceed inductively to define 3 (x, 7r), 4 (x, 7r), . . .f2fc(7r, x)i with 
associated cycles S3, S4, . . . and suppose that is minimal with the property that 
f2fc_l_i(7r, x) = 0- Then let s = SiS 2 . . . Sfc. By construction, if 7Tj ~ tvj for z < j, and 
Si'(i) 7^ i, then Sj'(j) 7^ j for some j' > %' . 

Lemma 3.5. Let x G W(a), and define s = sis 2 . . . Sk, as above. Then s = s x . 

Proof. We define w = sc with the property that tt w ~ 7rx, and then show w G R(a). 
That will show that s = s x . We let c be defined by 



c(i) 



i if 7T a(i ) ~ TYiX 

~ { if ^(i) - W *X and 7r a (i) 9^ TTjX- 



Then, setting to = sc, we have 7r™ ~ nx by construction. We show that w preserves 
the positivity of all elements of A'(cr). First suppose a = aij = — efc.^+i, where 
bi = ri\ + 77-2 + . . . rii. Then, Wi ~ nj. If w(i) = s(i), then tuctjj = e s ^ ± e s (j). 
This would be a negative root if and only if w(j) = s(j) and s(j) < s(i). But as 
w(i) = s(i), we know if w(j) = s(j), then s(j) > s(i), by construction. On the 
other hand, if w(i) = —s(i), then we must have s(j) < s(i) and c(j) = —j, as well, 
so again wa > 0. 

Suppose that a = = + ebj_ x +\ G A'(cr). Then 7Tj ~ 7rf . If wa'^ < 0, then 
certainly either w(i) = —s(i), or w(j) = —s(j). Thus, by Lemma 3.4, iiiX — ^iX e ■ 
If w(i) = s(i), and w(j) = s(j), then 7r s(i) ~ mx- Note that 7r s(j) ~ 7r|x e ^ tt^x, 
and thus, by the choice of s(i), we must have s(i) < s(j). Therefore tua^ > 0, 
contradicting our assumption. So we must have w(i) = —s(i). If w(j) = —s(j), 
then 7Tg/ -x ~ 7TjX — Trfx which implies 7r s (j) — tt^X- Then, by construction of s, we 
would have assigned s(i) = j', with j' < s(j), and 7Tj' ~ i^iX- We would then have 
w(i) = s(i) = j', contradicting our assumption. Thus, we must have w(j) = s(j). 
Then tt s ^ ~ njx — 7rfx — (^x) 5 , and thus by construction, s(i) > s(j). Therefore, 
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wa'ij = a s (j) s (i) > 0, which contradicts our assumption. Hence it is impossible for 
wa'ij < if a'ij E A' (a). 

f e bi if G = U{2k + 1) 
Finally, suppose that 8; = < Then 7rf ~ 7Tj. Assume 

y ' \ 2e h% HG = U{2k). 

wfii < 0. Then we must have c(i) = —i. If s(i) = i, then nf — 7rx, which now says 

-Ki ~ 7TjX, and by assumption we have c(i) = i, contradicting our assumption. Now 

suppose that s(i) ^ i. Then as c(i) = —i, we have, by Lemma 3.4, nix — ^iX e an d 

7r|^ — TiiX- Since nf ~ 7Tj, we have 7r s (j) ~ riiX, which means that x, 7r) ^ 0, 

and therefore, we are forced to take c(i) = i. This also contradicts our assumption, 

and hence w8i > for all 8i E A'(cr). 

In order to conclude that s = s x , we must know that wa ~ a. However, by 

assumption, x e W(a), and thus cr™ ~ a. (See the remark preceding Lemma 
3.3.) □ 

Remark. Note that it is possible that s x = s v with nn ^ tvx- In particular, it is 
possible that s x = 1, and c 6 2 is an element of W(a) \ W(ir). 

Lemma 3.6. Suppose x £ W(<7)/X(7r). T/ien t/iere is a unique minimal B x with 
s x C Bx E R(a). 

Proof. Choose any element w E R(o~) with wit ~ wx- By Lemma 3.3, we have 
w = s x C B for some B. Let B' = {i E B\d E #(tt)}. Let B x = B\B' . Then, 
Cb> E R(cr), and thus w x = s x Cb x = s x CbCb' E R(a). For any Bi, with 
s x Cb 1 E R(cr), we have (s x Cb x )~ 1 s x Cb 1 = Cb 2 E R(ir) so B 2 C B(tt), and 
s x C Bl = s x C Bx C B2 . Therefore, as B x n B(7r) = 0, B x C Bi. □ 

For % e VF(cr) we let «; x be the element of R(o~) given by Lemma 3.4. We now 

show that the sequence 1 — > R(tt) — > B(cr) — > VF(cr) — > 1 splits, so that B(cr) is a 
semidirect product. 

Theorem 3.7. Let Xi 5 X2 £ W(<7)/X(7r). TTien w Xl w X2 = w XlX2 . Thus T a = 
|tu x I x ^ W^ ") j i s a subgroup of R(a) and R(cr) = T a x R(tt). 

Proof. Let tUj = w Xi and suppose W{ = SiCsi is the decomposition given in Lemma 
3.6. Then Bi nB(n) = 0. Note that w x w 2 = s 1 s 2 C s -i^ Bi jC B2 - Suppose s^" 1 (5 1 ) n 
B(n) ^ 0. Let j E s 2 1 (B 1 ) H B(n). Then C s -i^ Bi ^Cj has shorter length than 
C s -i(s 1 ) ) hence shorter length than |Bi|. Let G s -i^ Bi ^Cj = Cb[- Then 

«/ = wiWzCjWz 1 = sis 2 C j C s ^i (Bi) CB 2 CB 2 s 2 ~ 1 = siC S2(b;) , 

and 7r w ~ 7TX- However, since |«2 (-Bi) I < l-^i|> this contradicts our choice of Si. 
Thus, S2 1 (Si)nS(7r) = 0. Since B 2 nB(w) = 0, as well we see C s -i [Bi) C B2 = C B , 
with BnB(iv) = 0. Now wiw 2 = s\s 2 Cb = s xix2^b E R(&), and since BnB(iv) = 
0, we know B is minimal with respect to this property. Thus, 10^2 = w xiX2- ^ 
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We address non-abelian .R-groups. Suppose w x = s x Cb x G IV Suppose further 
that s x (i) = i for all % G B(n). Then w x centralizes R(tt), and hence lies in the 
center of R(a). Thus, R is non-abelian if and only if there is some w = s x c G R(o~) 
with s(i) 7^ i for some i G B(tt). 

Lemma 3.8. Let R(tt) = (d\i G B(tt)) . 

(a) There is no j G" B(tv) for which tvj ~ %j and Cj G R(a). 

(b) Ifw = sce R(a) then s(B(n)) = B(n). 



Proof, (a) Suppose j B(n) and 7rj ~ ttj. Then Cj G W(tt) and Cj G" R(7t), 
by assumption. Thus, CjCt; < for some a G A'(tt) = A'(a), which shows that 
Cj^R(a). 

For (b), suppose that there is some i G B(n) with G" S(7r). Then, since Cj G 
-R(7r) C -R(cr), we see that wCi G i?(cr). Let c = C^. If i G -B, then iwCj = sC B \{i} G 
R(o~), and thus we may assume that i ^ B. Now since iuCj = C s ^w G R(o~), we 
see that C s (j) G -R(cr), as well. Note that if n Cs ^ ~ /T77, then 7r|^ ~ ^s(i)Vi while 
7Ti ~ 7Ti?7. Since ~ 7Tj£, for some £, we have n s ^7] ~ 7r s (j). Thus, tt^w ~ 7r. 
However, this contradicts part (a), which completes the lemma. □ 

We now wish to describe the conditions under which zg,m(c) has elliptic con- 
stituents when o~ is generic. With this assumption, the cocycle is a coboundary 
(see [K2, page 62]), so C(a) ~ C[i?(a)]. We first, however, describe all the regular 
elements of -R(a), without regard to whether a is generic. If we know that the 
cocycle split in general, this would then describe the elliptic spectrum in general. 

Theorem 3.9. Let n G £2(M), and suppose that a is a component of tt\m- Then 
R(o~)re g $ if an only if there is an element w = s x Cb G R(cr) with s x an r-cycle 
and \B\ odd. 

Proof. If s x has more than one orbit, one can easily construct a non-zero element 
X G a w . Let 1 = {1, s(l), s 2 (l), . . . , ^(l)} and 2 = {j, s(j), . . . , /^(j)} be 
two distinct orbits of s x . Let cxj = 0, for i 0\ U O2. We set a\ = cij = 1, and for 
1 < i < k = 2, let 

Jflr'(i) if ^(l) £5; 
asHl) ~ I -a si -i ( i) ifs^CljGB. 
similarly, for 1 < z < £ — 2 we let 

V-i(j) if s*" 1 ^) £5; 



t s i(j) 



a a i-i(j) if G S. 



Let X = Ym(oi, a, . . . , a r ), as in Section 1. Then wl = X, and trX = 0, so 
X E a w . Therefore, if w = s x Cb is regular, then s x is an r-cycle. 

Suppose, without loss of generality, that s x = (12 ... r), and X = Ym(oi, • • • , a r ) G 
cv,. Suppose ai = A. Then, for 2 < 2 < r, we have ai = ±A. Thus, we simply denote 
X = Xb(X). Now, as trX = 0, we have nr(A — A) = 0, so A G K. Note that if a r = A 
and r G B or o r = —A and r G" -B, then A = —A, and hence a w = {0}. Suppose 
\B\ is even. If r G B, then a r = —A, as w changes an odd number of signs among 
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1, 2, . . . , r — 1. Then Xb(X) G cl w for any A £ R. Similarly, if r £ B, then a r = A 
and hence Xb(X) G fl ro for any A G 1. Thus, iy G" R(a) reg if |S| is even. On the 
other hand, if \B\ is odd and r 6 B, then a r = A, so Xb(X) G a w only for A = 0. 
Similarly, if |£?| is odd and r B, then a r = A, so again a w = {0}. □ 

Remark 3.10. We note that Theorem 3.9 is inconsistent with the results of [G2], 
and this is due to an error in that work which we now correct. Note that a G = 
{A/ n |A G iR}. Then we easily see that a w = a~ if and only if m = 0, r = 1, and 
R ~ Z 2 . That is, only the Siegel Levi subgroup of C/ n supports non-discrete elliptic 
representations. □ 

We note that by Lemma 3.6(b), there are two possibilities for R(a) in the situa- 
tion of Theorem 3.9. Namely, if R(n) = {1} then s x an r-cycle implies R(cr) ~ Z r . 

Otherwise R(tt) 7^ {1} implies R(tt) = (Cj| 1 < % < r) ~ Z£. Now if 77 G W(o"), then 
s,, G R(a). If Sr?(l) 7^ 1) and s v (j) = j, then 7Tj ~ TVjt] implies -k\T] ~ 7Ti, which 
contradicts our assumption that s v (l) 7^ 1. This implies that s v = s l x for some i, 
and so R(cr) ~ Z r x Z£. 

We now give a specific case of this second phenomenon, and note that the induced 
representation will contain both elliptic and non-elliptic representations. Suppose 
r = 3 and we are in this second case, namely R(a) ~ Z 3 x Z|. Let s = (123). Let 
k be a character of R(tt), and let -R K be the stabilizer of k in R(a). By Proposition 
25 of [Se] we know that any irreducible representation of R(cr) is given by p = 
p K> \ = Indft (k <E> A), where k is extended to R K trivially, and A is an irreducible 
representation of R K fl Z 3 . Note that if w = sc, then w acts transitively on R(tt). 
Thus R K 7^ -R(tt) if and only if k{Ci) = k(Cj) for i 7^ j. This implies either « = 1, 
or Av(Cj) = —1 for all i, and we denote this character by sgn. So, if k 7^ 1, sgn, then 
_R K = R(tt), and p = p K = Ind^^j «. Then, by the induced character formula, the 
character 6> K of p K on an element w = sc is 

9 K (sc) = — /^(x^scx) = 0, 

a; G -R(ct) 
x _1 (sc)x G -R(7r) 

as the sum has no terms since R(rc) is normal. Thus, all the components 7r(p K ) with 
k 7^ 1, sgn are non-elliptic. There are two such representations, as there are two 
orbits of such k under Z3. Each of these components appears in ic,M{^) with multi- 
plicity three. On the other hand, the six components components ^(pi^), ^(p S gn,\), 
are elliptic, and these appear with multiplicity one. We conclude that there are 
representations a for which %g,m{^) has some elliptic components, but not all the 
components are elliptic. It is clear that this phenomenon will generalize to the case 
where r is prime. 

Note that, when P = B is the Borel subgroup, these are precisely the examples 
discussed in [K2]. The phenomenon noted above was not mentioned there merely 
because the results of [A2] were not yet available. 
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